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Abstract. In this paper, the weak convergence of additive functionals of processes with 
locally independent increments and with Markov switching in the scheme of Poisson ap- 
proximation is proved. For the relative compactness, a method proposed by R. Liptser 
for semimartingales is used with a modification, where we apply a solution of a singular 
perturbation problem instead of an crgodic theorem. 



1. Introduction 

Poisson approximation is still an active area of research in several theoretical and 
applied directions. Several recent works on this topic can be found in the literature: we 
can find the classical approach in [1,2,3], and the functional approach in [8,9,7,12]. 

In particular in [8,9] it has been studied the following stochastic additive functional 

(1) m=^o+ f V{ds;xis)), t>0, 

Jo 

of a jump Markov process with locally independent increments (PLII) ([8, page 14]) 
ilit'r):^ ^ 0; (also known as a Piecewise deterministic Markov process ~ PDMP, [5, 
Chapter 2]), perturbed by the jump Markov process x{t),t > 0. The process (1) is 
studied in a (functional) Poisson approximation scheme, within an ad hoc time-scaling 
as we can see below (2). 

In the Poisson approximation scheme, the jump values of the stochastic system are 
split into two parts: a small jump taking values with probabilities close to one and a big 
jump taken values with probabilities tending to zero together with the series parameter 
e —^ 0. So, in the Poisson approximation principle the probabilities (or intensities) of 
jumps are normalized by the series parameter e > 0. Hence the time-scaled family of 
processes £,'^{t),t > 0,e > 0, has to be considered. 

However, the method used here to prove the weak convergence is quite different from 
the method proposed by other authors ([6]-[17]): the main point is to prove convergence 
of predictable characteristics of semimartingales which are integral functionals of some 
switching Markov processes. But the main difficulty is that the predictable characteris- 
tics of semimartingale themselves depend on the process we study. Thus, to prove the 
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convergence of the process we should prove convergence of predictable characteristics 
that depend on the process. Ordinary methods can't help in this situation separately. 

We propose to study functional of PLII [8, page 14] using a combination of two 
methods. The method proposed by R. Liptser in [11], based on semimartingales theory, 
is combined with a solution of singular perturbation problem instead of ergodic theorem. 
So, the method includes two steps. 

At the first step we prove the relative compactness of the semimartingale representa- 
tion of the family e > 0, by proving the following two facts as proposed in Liptser 
[11]: 

lim sup P{sup \^%t)\ > c} = 0, V£o > 
that is known as compact containment condition (CCC), and 

m%t)-eis)\'' <k\t-s\, 

for some positive constant k. 

At the second step we prove convergence of predictable characteristics of the semi- 
martingales, which are integral functionals of the form {a{u, x) is a real- valued function): 

Jo 

by using singular perturbation technique as presented in [8]. 

Finally, we apply Theorem IX. 3. 27 from [7] in order to prove the weak convergence of 
semimartingale . 

The paper is organized as follows. In Section 2 we present the time-scaled additive 
functional (1), the PLII and the switching Markov process. In the same section we 
present the main results of Poisson approximation. In Section 3 we present the proof of 
the theorem. 

2. Main results 

Let us consider the space R'* endowed with a norm | • | (rf > 1), and (E,£), a sfMndard 
phase space, (i.e., is a Polish space and £ its Borel a-algebra). For a vector v & M."^ 
and a matrix c G M'*^'^ , v* and c* denote their transpose respectively. Let C3(M'*) be a 
measure-determining class of real-valued bounded functions g such that g{u)/\u\'^ — > 0, 
as \u\ (see [7,8]). 

The additive functional ^^(t), t > 0, £ > on M*^ in the series scheme with small series 
parameter £ — > 0, (e > 0) is defined by the stochastic additive functional [8, Section 
3.3.1] 

(2) ^%t) = eo+ f\'{ds;x{s/e)). 

Jo 

The family of the Markov jump processes with locally independent increments r]^{t; x), 
t > 0,x & E on M'', is defined by the generators on the test-functions (p{u) G C^{R'^) [8, 
Section 3.3.1] (see also [9]) 



(3) 



r^{x)(p{u)=£ M [(p{u + v) - ip{u)]T^{u,dv;x), xGE, 

Js.'i 
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or, equivalently 

f''{x)(p{u) = beiu] x)(fi'{u) + ^Ce(M; x)(p" (u) + f [ifi{u + v) - (p{u) - Vip' {u) 

where 6£(u;a;) = Jg^d vV^^UjdVjX), Ce{u;x) = J^d vv*T'^{u,dv;x), and r^{u,dv;x) 
is the intensity kernel. 

The switching Markov process x{t), f > on the standard phase space {E, £), is defined 
by the generator 

(4) Q^{x) = q{x) [ P{x, dy)[ip{y) - ip{x)], 

J E 

where q{x),x G E, is the intensity of jumps function of x{t),t > 0, and P{x,dy) the 
transition kernel of the embedded Markov chain Xn,n > 0, defined by x„ = x{Tn), n > 0, 
where = tq < n < ... < r„ < ... arc the jump times of x{t),t > 0. We suppose also 
that the processes rf{t]x) and x{t) are right continuous. 

It is worth noticing that the coupled process £^^(t),x{t/e),t > is a Markov additive 
process (sec, e.g., [8, Section 2.5]). 

The Poisson approximation of Markov additive process (2) is considered under the 
following conditions. 

CI: The Markov process x{t),t > is uniformly ergodic with -jt{B),B G £ as a. 
stationary distribution. 

C2: Poisson approximation. The family of processes with locally independent incre- 
ments ri^{t;x),t > 0,x e E satisfies the Poisson approximation conditions [8, Section 
7.2.3]: 

PAl: Approximation of the mean values: 

be{u; x) = vT^{u, dv; x) = s[b{u; x) + Ol{u; x)], 

and 

Cs{u;x) = / vv*T^{u,dv;x)=e[c{u;x) + 9l{u;x)]. 
PA2: Poisson approximation condition for intensity kernel 

rl{u; x)= g{v)r%u, dv; x) = e[rg{u; x) + a;)] 

for all g G C3(R''), and the kernel Tg{u;x) is bounded for each g G C3(M'^), that is, 

\Tg{u; x)\ <Tg (a constant depending on g). 

The above negligible terms 0^,6^, 6^ satisfy the condition 

sup |6'f('u;a;)| ^ 0, £^0. 
xeE 

In addition the following conditions are used: 
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C3: Uniform square-integrability: 



lirti sup / vv*T{u,dv;x) = 0, 

'=^°°xeEj\v\>c 



'\v\>c 

where the kernel r(u, dv; x) is defined on the class C3(M'^) by the relation 

Vg{u;x)= I g{v)T{u,dv-x), .g G CgCM'*). 



C4: Linear growth: there exists a positive constant L such that 
\h{u;x)\<L{l + \u\), and |c(u; < L(l + 
and for any real-valued non-negative function f{x), x G E, such that 



/ {1 + f{x))\xfdx <oo, 



/M<i\{0} 

we have 

\Aiu,v;x)\<Lf{v)il + \u\), 

where A{u, v; x) is the Radon-Nikodym derivative of T{u, B; x) with respect to Lebesgue 
measure dv in K"^, that is, 

T{u, dv; x) = A(u, v; x)dv. 
The main result of our work is the following. 
Theorem 1. Under conditions C1-C4 the weak convergence 

^'{t)^e{t), 

takes place. 

The limit process > is defined by the generator 

(5) T(p{u) = b{u)ifi' (u) + [ip{u + v) - ip{u) -v(p'{u)]f{u,dv), 

Jm.'' 

where the average deterministic drift is defined by 

b{u) = / n{dx)b{u;x), 

J E 

and the average intensity kernel is defined by 

T{u,dv)— I iT{dx)T{u,dv]x). 



Remark 1. The limit process £,°{t),t > 0, is a PLII (see, e.g., [8, page 14]), (or a PDMP 
- see, e.g., [5, Chapter 2]). The generator (5) can be written also as follows 

r<^(u) = bo{u)(fi'{u) + / [(p{u + v) - ip{u)]T{u, dv), 

where bo{u) = b{u) — vT[u, dv). 

In the following corollary of the above theorem we give an important particular case, 
where the limit process is a compound Poisson process. 
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Corollary 1. Under Poisson approximation conditions: 
PAT: Approximation of mean values: 

bs{u;x) = / vT%dv;x) =e[b{x) + ei{u;x)] 

and 

Ce{u;x)= / vv*r^{dv;x) = e[c{x) + 6l{u;x)]. 
PA2': Approximation condition for intensity kernel: 

Tliu; x)= f g{v)T%u, dv; x) = g^x) + x)\ 

and the kernel ^g{x) is bounded for each g G C3(M'^), that is, 

\^gix)\ < (a constant depending on g). 

And the additional condition 
PAS: 

/ vT{dv)= / 'K{dx)b{x), T{dv)= / Tr(dx)T{dv;x), 
the limit process S,°{t),t > is a compound Poisson process 

$°(i)=u + ^afc, t>Q, 
fe=i 

defined by the generator 

f^{u) = / [ip{u + v)- ^{u)]T{dv), 

where 

T{dv) ^ / TT{dx)T{dv;x), Tg{x) = / g{v)r(dv;x). 
J E Jw^ 

The sequence of random variables a^, k = 1, 2, ... is i.i.d. with joint distribution function 
P(afe e dv) = T{dv)/A, A = T{W^) (it is obvious that T{R'') = J^^ r{dv)). The time- 
homogeneous Poisson process i'{t),t > 0, is defined by its intensity: A > 0. 

3. Proof of Theorem 1 

The proof of Theorem 1 is based on the semimartingale representation of the addi- 
tive functional process (2). According to Theorems 6.27 and 7.16 [4] the predictable 
characteristics of the semimartingale (2) have the following representations: 

•B-{t) = /J b,i^%sy,xl)ds = /J b{^-{s);xl)ds + 61, 

•C-{t) = Si ce(e(s); xl)ds = Jl cr(s); xl)ds + ei, 

•T-{t) = /„* 4, g{^,)T-{£,-{s),dv■ xl)ds = g{v)n(,-{s), dv; xl)ds + 6^, 

where x^ := x{t/e),t > 0, and sup \9':\ — » 0, £ ^ 0. 

xeE 
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The jump martingale part of the semimartingale (2) is represented as follows 

/x-(i)= /*/ v[f,'{e{s),ds,dv;xl)-T%^'{s),dv;xl)ds]. 
Jo Jm.'^ 

Here iJ,^{u,ds,dv;x),x e i? is the family of comiting measures with characteristics 

]E/i^(u, ds, dv; x) = r^(w, dv; x)ds. 

We can see now that predictable characteristics depend on the process ^^(s). Thus, 
to prove convergence of ^^(s) wc should prove convergence of predictable characteristics 
dependent on ^^(s). To avoid this difficulty, we combine two methods. 

We split the proof of Theorem 1 in the following two steps. 

STEP 1. At this step we establish the relative compactness of the family of processes 
> 0,£ > by using the approach developed in [11]. Let us remind that the space 
of all probability measures defined on the standard space {E, £) is also a Polish space; 
so the relative compactness and tightness are equivalent. 

First wc need the following lemma. 

Lemma 1. Under assumption C4 there exists a constant kr > 0, independent of e and 
dependent on T, such that 

Esuplf < kr. 

t<T 

Proof, (following [11]). The semimartingale (2) has the following representation 

(6) e{t)=u + At + M^, 
where u = ^^(0); Af is the predictable drift 

Al= f h{e{s),xl)ds+ [ [ vT{^'{s),dv;xl)ds + e', 

Jo Jo JK'*\{0} 

and is the locally square integrable martingale 

Mt'= f cie{sy,xl)dws+ f I v[,f{ds,dv;xl)-T'{^'{s),dv;xl)ds]+e', 

Jo Jo J1R<*\{0} 

where t«t,i > is a standard Wiener process. 

For a process y{t),t > 0, let us define the process y| = sup |2/(s)|, then from (6) we 

have 

(7) m)^f<5[u' + {{Ai)^f + {{Mn^f]. 

Condition C4 implies that 



iAty<L[\l + {Q)^)ds+t[ 
Jo Jo Jm. 



\v\f{x){l + {C)^)ds 

]R<*\{0} 
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(8) <i(l + ri) / (l + (^|)t)ds, 







where n = /gdy^o} \x\'^f{x)dx. 

Now, by Doob's inequality (see, e.g., [12, Theorem 1.9.2]), 



E((M/)t)^ < 4|E(M^)t|, 

and condition C4 we obtain 

/M<i\{0} 



Jo Jo JM<*\{0} 



(9) 



<2L(i+ri) f\i+mmds 

Jo 



Inequalities (7)-(9) and Cauchy-Bunyakovsky-Schwartz inequality, {[Jq 'p{s)ds]'^ < 
t !lv'^{s)ds), imply 

Jo 

where fci and k2 are positive constants independent of e. 
By Gronwall inequality (see, e.g., [6, page 498]), we obtain 

E((CD^)'<fciexp(M- 

Hence the lemma is proved. 
Corollary 2. Under assumption C4, the following CCC holds: 

lim sup P{sup \^^{t)\ > c} = 0, Veo > 0. 

Proof. The proof of this corollary follows from Kolmogorov's inequality. 

Remark 2. Another way to prove CCC is proposed in [8, Theorem 8.10] and used by 
other authors [6, 17]. They use the function (/?(m) = \J\-\-u^ and prove corollary for 

(^(^f ) by applying the martingale characterization of the Markov process. 
That can be easily proved, due to specific properties of <p(w). 

Lemma 2. Under assumption C4 there exists a constant k > 0, independent of e such 
that 

E\^'{t)-C{s)\'^ <k\t-s\. 
Proof. In the same manner with (7), we may write 

\e{t) - e{s)f < 2\Al -Al\' + 2\Mt - Ml\\ 
By using Doob's inequality, we obtain 

IE|r(*) - r(s)l' < 2E{|Af - + 8|(M^)t - {M')s\}. 
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Now (8), (9), and assumption C4 imply 

\Ai - + s\{M% - (M^),i < fc3[i + mm\t - si 

where fcs is a positive constant independent of e. 

Prom the last inequality and Lemma 1 the desired conclusion emerges. 

Thus from Corollary 2 and Lemma 2 immediately follows compactness of the family 
of processes ^"^(t), f > 0, e > 0. 

STEP 2. The next step of proof concerns the convergence of the predictable charac- 
teristics. To do that, we apply the results of Sections 3.2-3.3 in [8] and the following 
theorem. Cq (K'' x E) is the space of real- valued twice continuously differentiable by the 
first argument functions, defined on M** x £^ and vanishing at infinity, and C(IR'' x E) is 
the space of real-valued continuous bounded functions defined on x E. 

Theorem 2. Theorem 6.3] j Let the following conditions hold for a family of coupled 
Markov process ^'^ {t) , {t) , t > 0,e > 0: 

GDI: There exists a family of test functions ip^{u,x) in Co(IR'^ x E), such that 

lim x) = flu), 

e—i-O 

uniformly by u, x. 

CD2: The following convergence holds for the generator h'^ of a coupled Markov 
process ^^{t),x^{t),t > 0,e > 

lim h^ip^iu, x) = L(^(w), 

£— »0 

uniformly by u, x. The family of functions L^<y?^, e > is uniformly bounded, both hip{u) 
and h^ip^ belong to C(R'^ x E). 

CDS: The quadratic characteristics of the martingales that characterize a coupled 
Markov process ^^{t),x^{t),t > 0,£ > have the representation {n^)^ = /QC^(s)ds, 
where the random functions C,^,e > 0, satisfy the condition 

sup ElC'(s)| < c < +00. 

0<s<T 

CD4: The convergence of the initial values holds and 

supE|C^(0)| <C < +00. 

Then the weak convergence 
takes place. 

We consider the three component Markov process B'^ {t) , (t) , xf,t>0 which can be 
characterized by the martingale 

t^l = ^{B-{tU'{t),xl) - fu^{B%s),^%s),xt)ds, 

Jo 
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where its generator has the following representation [8] 
(10) = e-^Q + + B^ 



with given by (3), Q given by (4), and {u; x)(fi{v) = be{u; x)if' (v). 

According to [8, Theorem 7.3], under the conditions C1-C3 the limit generator for 
r'^,£ has the form (5). However in order to prove the convergence of predictable 
characteristics, it is sufficient to study the action of the generator on test functions 
of two variables (p{v,x). 

Thus, it has the representation 



The solution of the singular perturbation problem at the test functions (p^{v, x) = (p{v) + 
ecpi {v, x) in the form L^<^^ = hip+O^ip can be found in the same manner with Proposition 
5.1 in [8]. That is 



Similar results can be proved for two other predictable characteristics. 
Now Theorem 2 may be applied. 

We see from (10) and (12) that the solution of singular perturbation problem for 
h^ip^{u, v; x) satisfies the conditions CDl, CD2. Condition CDS of this theorem implies 
that the quadratic characteristics of the martingale, corresponding to a coupled Markov 
process, is relatively compact. The same result follows from the CCC (see Corollary 
2 and Lemma 2) by [7]. Thus, the condition CDS follows from the Corollary 2 and 
Lemma 2. As soon as B^{0) = S°(0),^^(0) = ^°(0) we see that the condition CD4 is 
also satisfied. Thus, all the conditions of above Theorem 2 are satisfied, so the weak 
convergence B'^{t) B'^{t) takes place. 

By the same reasoning we can show the convergence of the processes C^{t) and T^{t). 

The final step of the proof is achieved now by using Theorem IX. 3. 27 in [7]. Indeed 
all the conditions of this theorem are fulfilled. 

As we have mentioned, the square integrability condition 3.24 follows from CCC (see 
[7]). The strong dominating hypothesis is true with the majoration functions presented 
in the Condition C4. Condition C4 implies the condition of big jumps for the last 
predictable measure of Theorem IX. 3. 27 in [7]. Conditions iv and v of Theorem IX. 3. 27 
[7] are obviously fulfilled. 

The weak convergence of predictable characteristics is proved by solving the singularly 
perturbation problem for the generator (11). 

The last condition (3.29) of Theorem IX. 3. 27 is also fulfilled due to CCC proved in 
Corollary 2 and Lemma 2. Thus, the weak convergence is true. 

We can see now that the limit Markov process is characterized by the following pre- 
dictable characteristics 



So, the limit Markov process C°(i) caii be expressed by the generator (5). 
Theorem 1 is proved. 
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(11) 



h'ip{v,x) = [e-^q + m]<f{v,x). 




L = B, 
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